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ABSTRACT
I suggest that radio-wave scattering by the interstellar plasma, in combination
with subsonic gradients in the Doppler velocity of interstellar HI, is responsible
for the observed small-scale variation in HI absorption spectra of pulsars. Velocity
gradients on the order of 0.05 to 0.3 km s−1 across 1 AU can produce the observed
variations. I suggest observational tests to distinguish between this model and
the traditional picture of small-scale opacity variations from AU-scale cloudlets.
Subject headings: ISM: clouds – ISM: structure – turbulence
1. INTRODUCTION
The small-scale structure of cold atomic hydrogen (HI) is an outstanding problem in
the structure of the interstellar medium. Absorption spectra of the λ = 21 cm hyperfine
transition of the ground state show significant spectra changes over very small angles.
Among the most extreme of these changes are observed for pulsars (Deshpande et al. 1992;
Clifton et al. 1988; Frail et al. 1994). Absorption with inferred optical depth of τ = 0.1 to
2 in this line show apparent changes of ∆τ = 0.01 to 0.1 over periods of a few months.
Over this period, the motion of the pulsar typically carries the line of sight across tens of
mas, or across several AU, for absorbing material at a distance of a few hundred pc. The
most straightforward conclusion is that the HI consists largely of cloudlets with transverse
dimensions of several AU, and optical depths of 0.01 to 0.1. This leads to surprisingly
dense clouds which are far from pressure equilibrium with the rest of the interstellar
medium (Heiles 1997). Small-scale structure of HI absorption has also been observed in
spatially-varying absorption of extended continuum sources (Diamond et al. 1989; Davis,
Diamond, & Goss 1996; Faison et al. 1998; Deshpande 1992; Dhawan, Goss, & Rodriguez
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2000; Faison & Goss 2001). In this paper, I will consider changes in pulsar absorption
quantitatively using a simple model, and discuss absorption by extended continuum sources
only qualitatively.
I propose that the observed variations of pulsar absorption spectra arise from the
interaction of interstellar scintillation with transverse gradients in Doppler velocity of HI.
Interstellar scintillation is a well-understood phenomenon resulting from scattering by
interstellar free electrons (Rickett 1977, and references therein). The observer receives
scattered radiation from more than one path. Differences in radio-wave path length,
from small-scale fluctuations in the density of interstellar free electrons, lead to random
interference and so to scintillation. At the frequency of the HI line, absorption and
refraction introduce additional changes in amplitude and phase of the interfering signals. If
these additional changes differ among paths, line and continuum will scintillate differently.
The additional differences among paths change rapidly with frequency, across the line; but
only slowly with time.
I suggest that this differing HI absorption results from a gradient in Doppler velocity
of the HI across the scattering disk. At a given observing frequency, absorption by HI at a
range of Doppler velocities in the gradient will block a strip of radiation, eliminating some
of the paths that would otherwise reach the observer and contribute to the interference
pattern. The location of the strip changes with frequency, blocking different paths and
changing the interference pattern in different ways. To either side of the blocked strip,
resonant refraction will change the path length and change the phase along paths. The
consequence is an interference pattern that changes sensitively with frequency across the
absorption line. This pattern changes with time, at the timescale of scintillation.
In §2 of this paper, I present a simple mathematical model for the effects of a transverse
gradient in the Doppler velocity of HI, or any variation in HI absorption, in combination
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with interstellar scattering. In §3 I estimate the Doppler velocity gradient required to
produce the observed small-scale variations of HI spectra, and compare these gradients with
those inferred by other observations and those expected in the absorbing-cloudlet model. In
§4 I summarize the results.
2. MODEL
2.1. Scattering by Free Electrons
In this section I present a specific model for variations in the HI line, from sub-AU
structure of HI clouds. Consider a pulsar at distance d from the Earth, scattered by
intervening interstellar plasma. In general scattering material will be distributed along
the line of sight; however, a single screen of phase-changing material at d/2 conveniently
represents effects of scattering. The electric field at the observer can be represented as a
Kirchoff integral over the screen (Gwinn et al. 1998). The observer sees changes in the
intensity of the source because of fortuitous reinforcement or cancellation of radiation
from different points on the scattering screen. We suppose that the scattering is strong:
in this case, phase differences between paths are many radians. We also assume that the
radiation can be treated in the Gaussian field approximation, in which the phase changes
introduced at different points on the screen are taken to be completely uncorrelated, so
that the summation of electric field from different paths at the observer has the character
of a random walk. However, the argument here can be generalized to weak or refractive
scattering, and to power-law or other spectra for the phase variations over the screen. In
this paper I consider strong diffractive scattering, for greatest physical insight.
We approximate the Kirchoff integral for electric field at the observer as a phasor sum:
E =
∑
ı
eiφi
Hı
. (1)
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The phase φi is the sum of that introduced by the scattering screen, Φ(xı), and a geometric
phase from path length for the stationary phase point at xı: φı = Φ(xı) + kx
2
ı (4/d). At
a stationary phase point, the gradient of screen phase cancels the gradient of geometric
phase. In the stationary phase approximation only stationary phase points contribute to
the Kirchoff integral. The wavenumber is k = 2pi/λ. The weight of each phasor, 1/Hı,
corresponds to an area on the screen. The distribution of stationary phase points, weighted
by 1/Hı, is approximately a Gaussian distribution, with full width at half maximum θHd/2,
in the Gaussian-field approximation. The size of the region from which the observer receives
radiation acts analogously to a lens, to produce a diffraction pattern with lateral scale
SISS ≈
√
4 ln 2 λ/θH in the plane of the observer.
The intensity at the observer is the square modulus of electric field,
Ic = EE
∗ =
∑
ı,
ei(φı−φ)
HıH
. (2)
Here the subscript “c” indicates that the intensity is in the continuum, to distinguish it
from line radiation. The intensity varies with time, with typical timescale tISS = SISS/V⊥,
as the proper motions of pulsar and screen carry the line of sight through the scattering
material at speed V⊥. The intensity also varies with observing frequency ν, with typical
frequency scale, or “decorrelation bandwidth,” ∆ν ≈ (8 ln 2/2pi)c/(dθ2H), because radiation
paths that produce cancellation at one observing wavelength may reinforce at another.
Lambert & Rickett (1999) give precise expressions for these relations for cases of power-law
spectra of density fluctuations. In strong scattering, decorrelation bandwidth is much
smaller than the observing frequency. In weak scattering the bandwidth of scintillations is
of order the observing frequency. Because the electron-density fluctuations responsible for
scattering are dispersive, most pulsars are weakly scattered at sufficiently high frequencies,
and strongly scattered at low frequencies.
Table 1 presents the scintillation bandwidths for pulsars with observed small-scale
– 6 –
structure in the HI line. For nearly all objects, the decorrelation bandwidth of scintillations
is somewhat less than the observing frequency, indicating strong scattering. However, the
decorrelation bandwidth is much greater than width of the HI line, of ≈ 3 to 20 km s−1, or
≈ 0.03 to 0.1 MHz, and indeed is much greater than the spectral range typically observed
for absorption studies. The exceptions are pulsars B0540+23 and B1557−50. For B0540+23
the decorrelation bandwidth of 0.2 to 0.5 MHz is larger than the linewidth, but not larger
than the width of a typical spectrum; Frail et al. (1994) describe how they remove the
variable baseline introduced by scintillation for this object. For B1557−50 the reported
decorrelation bandwidth is much less than the linewidth. We will consider this object
separately.
2.2. Effects of HI
At the frequency of the λ = 21 cm line, intervening HI will introduce both absorption
and optical path length. The optical depth τHI and the phase change φHI parametrize these
effects. Both are proportional to the column density of HI. The Kramers-Kronig relations
relate τHI and φHI to one another via integrals over all frequencies. Here we note that, as a
rule of thumb, φHI at the line edge, in radians, is on the order of
1
2
τHI at line center. The
factor of 1
2
arises from the fact that τ is the logarithmic decrease of intensity, rather than
electric field.
Suppose that the HI consists of a background distribution, uniform over the screen,
and a small fraction that has varying properties over the screen. Within the absorption
line, the background distribution will introduce a fractional change in amplitude and a
phase rotation, both uniform for all phasors. The varying part will change each phasor
differently and change the phasor sum E. Figure 1 shows the geometry schematically, for
the particular case where variation in absorption arises from a gradient of Doppler velocity.
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A simple mathematical model describes the effects of absorbing HI in the language of
§ 2.1. Let the constant part have optical depth τ0 and phase changes of ϕ0, and the varying
part have optical depth δτı and phase change δϕı, at location xı on the screen. We suppose
that δτ has zero mean, when averaged over the scattering disk, so that δτı takes on positive
and negative values. The electric field at the observer, at a frequency within the HI line, is
then a generalization of Eq. 1:
EHI = e
−
1
2
τ0+iϕ0
∑
ı
eiφi
Hı
e−
1
2
δτı+iδϕı . (3)
Through first order in δτ and δϕ, the intensity on the line is:
IHI = |EHI |2 ≈ e−τ0


∣∣∣∣∣
∑
ı
eiφı
Hı
∣∣∣∣∣
2
+ Re
[∑
ı
eiφı
Hı
(δτı + i2δϕi)
∑

e−iφ
H
]
 . (4)
Studies of the distribution of HI measure the normalized spectrum. The normalized
absorption of the line is:
Ic − IHI
Ic
≈ 1− e−τ0 − e−τ0 Re

∑ı eiφıHı (δτı + i2δϕi)∑
ı
eiφı
Hı

 . (5)
The first two terms on the right-hand side give the optical depth of the constant part of the
distribution of HI, as expected. The last term describes the different scintillation on the
line and away from the line, because of the effects of the additional optical depth and phase
of the randomly-varying part of the HI distribution.
The depth of the normalized absorption spectrum, (Ic − IHI)/Ic, thus includes a
randomly-varying term. This term is the quotient of 2 random factors. The variance of the
denominator is the mean intensity of the continuum: 〈|∑i eiφi/Hi|2〉 = 〈Ic〉. Under the
assumption that the small-scale fluctuations in electron density responsible for scattering are
uncorrelated with the varying part of the HI distribution, the dispersion of the numerator
is (〈|δτ |2 + 4〈|δϕ|2〉)〈Ic〉.
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I assume that the sums in the numerator and denominator have the statistics of
uncorrelated random walks. This is the case if the Gaussian field approximation holds, as
is the case in strong scattering on short timescales. (The statistics of HI absorption and
refraction are relatively unimportant, as long as electron-density fluctuations are highly
uncorrelated). For weaker scattering, correlations between numerator and denominator can
appear: for example, electron-density fluctuations φ and optical depth can both change
linearly with position. One might expect the variations of the quotient to be even greater
in this case.
The appendix presents the distribution of the quotient of uncorrelated random walks.
The mean square and higher moments of this distribution do not converge. However, a
“typical” value of the quotient is the quotient of the standard deviations of the distributions,
or
√〈|δτ |2 + 4〈|δϕ|2〉 in our case. Because δτ and 2δϕ reach comparable maximum values
(although at different frequencies), we expect that the quotient will have magnitude
σδτ = 〈|δτ |2〉.
We thus expect variations in intensity across the line with typical amplitude
∆I/Ic ≈ e−τ0σδτ . This variation will change amplitude on the timescale for scintillation,
tISS. On this timescale the sums in the numerator and denominator of Eq. 5 will change. Of
course, the intensity of the continuum Ic will change on the same timescale; however, these
intensity variations have bandwidth much broader than the observed spectrum, and will be
removed by averaging in time, for most pulsars with observed variation of HI spectra.
2.3. Velocity Gradients of HI
I suggest that the variations in opacity δτ arise from velocity gradients. A cloud
with opacity τc and velocity different ∆V across length L will show an opacity variation
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of (∆V/C)τc across that length, at observing frequencies near the rest frequencies of the
cloud. Here C is the thermal velocity in the cloud, C =
√
kBT/µ, where T is the kinetic
temperature, µ is the mean molecular weight, and kB is Boltzmann’s constant. We take the
opacity difference as σδτ = (∆V/C)τc and the length L as the linear size of the scattering
disk: L = θHd/2.
The scintillation will differ at the frequency of the absorption line and in the continuum.
Both will scintillate, but not in perfect proportion. Indeed, because δτ and δϕ vary with
frequency, different parts of the line will scintillate differently. Figure 2 shows a simulation
of scintillation over a frequency range that includes a line with a Gaussian absorption
profile, and associated phase change, using a phasor sum (Gwinn et al. 1998).
3. COMPARISON AND DISCUSSION
3.1. Comparison with Observations
Table 2 lists pulsars with observed variations in HI absorption. The table gives
the largest ∆I/Ic observed at each epoch. Typical observed variations in intensity
are ∆I/Ic ≈ 0.03, and the depths of the normalized absorption spectra are typically
(Ic − IHI)/Ic ≈ 0.7. For scintillation to explain this typical case thus requires
σδτ ≈ 0.03/0.7 ≈ 0.04. If all absorption along the line of sight participates in forming
these gradients, this requires velocity differences of ∆V ≈ 0.04C across the diameter of the
scattering disk, L = θHd/2. This calculation yields the values displayed in Table 3.
Among the objects in Table 2, two show particularly large ∆I/Ic. These 2 events were
the first reported, and first drew attention to the phenomenon. Pulsar B1557 − 50 shows
∆I/Ic = 0.5 (Deshpande et al. 1992). However, this pulsar is by far the most strongly
scattered in the sample, with estimated angular broadening of 121 mas. The scattering disk
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diameter is thus 300 AU. In principle, a weak gradient of 0.003 km s−1 can produce the
result. However, the scintillation bandwidth is estimated as 160 Hz, and the scintillation
tinescale is probably only a few seconds. Thus, a single observation averages over many
scintillations, and the scintillation model discussed here is unlikely to contribute in this
particular case. This object represents an important exception to the relatively similar
scattering properties of the other pulsars in the sample.
Pulsar B1821 + 05 shows ∆I/Ic = 0.52. The change in the line was very narrow
in frequency, with a Doppler width of < 1.2 km s−1, much smaller than the absorption
linewidth of 25 km s−1. I suggest that this is an unusual event, perhaps one of the extreme
excursions responsible for the nonconvergence of the mean square of the distribution of the
quotient.
Table 3 shows the gradients in Doppler velocity required across 1 AU, for each of
the pulsars with observed variability of HI absorption. For most pulsars I give a range
of estimated gradients. This range includes both the variety of ∆I/Ic reported, and
the differences among measurements of the decorrelation bandwidth. Because greatest
∆I across the line is recorded at each epoch, and because the mean square and higher
moments of the expected distribution do not converge, theseXS inferred gradients are
more likely to be overestimates than underestimates. Lack of accurate measurements of
angular broadening also contributes to the breadth of the range. Table 3 estimates angular
broadening from decorrelation bandwidth as θH =
√
16pi ln 2 c/∆ν d. This estimate is likely
to be rather poor for nearby objects such as those in the table (Britton, Gwinn, & Ojeda
1998), although it is accurate to within about a factor of 2 for more strongly-scattered
objects (Gwinn, Bartel, & Cordes 1993). In summary, interstellar scattering and gradients
in Doppler velocity of about 0.05 to 0.3 km s−1 AU−1 can produce the observed variations
in HI absorption.
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3.2. Observed Gradients in Doppler Velocity
Although the lengths L = θHd are quite small, by the standard of typically observed
lengths in the interstellar medium, the inferred velocity differences ∆V are small as
well. Interstellar clouds invariably support turbulent velocities of several times thermal
velocity. The widths of interstellar lines are consequently greater than those resulting from
temperature of the gas by a factor of 2 to 3, tracing this turbulence (Mebold et al. 1982). In
particular, the 21-cm absorption lines of pulsars observed for studies of small-scale structure
commonly have widths of 2 to 3 km s−1, whereas the 50 to 100 K temperature of the gas
would result in Doppler widths of 0.5 to 1 km s−1. These broader linewidths persist at even
the highest angular resolutions observed.
Studies of the distribution of HI absorption against extended continuum sources may
also be affected by scintillation, as discussed in § 3.6 below. Nevertheless, it is interesting
to compare velocity gradients inferred from such studies with those required to produce
small-scale structure of HI absorption for pulsars. As an example, Faison et al. (1998)
observe a gradient of about 2.5 km s−1 across about 30 mas, toward the source 3C138. For
an absorber distance of 200 pc and a thermal velocity of 1 km s−1, this corresponds to
a gradient of 0.4 C/AU, comparable to the largest of those inferred from the scintillation
model, as shown in Table 3.
3.3. Comparison with Cloudlet Model
Comparison velocity variations in the scattering model proposed here with density
variations required in the cloudlet picture is illuminating. Under the assumption of rough
balance between ram pressure and thermal pressure, a velocity difference ∆V corresponds
to a density difference ∆ρ ≈ ρV∆V/C2, where ρ is the density and V is a typical random
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fluid velocity. The typical random velocity inferred from linewidth is about the thermal
velocity, so ∆ρ ≈ ρ∆V/C. Thus, in the scintillation model, the velocity differences of about
0.05 to 0.3 C correspond roughly to density differences of 5% to 30% across 1 AU.
In the traditional cloudlet model, with spherical cloudlets, the required density
differences are of order a factor of 300 (Heiles 1997). The discrepancy is ameliorated if HI
lies in sheets or filaments; it is aggravated by the necessity that H2 accompany the HI.
These density differences are expressed across about 30 AU, the size of the clouds. In the
absence of some additional confining mechanism, these clouds will evolve over the sound
crossing time, or about 150 yr. It would be surprising if that evolution did not result in
gradients of the sound speed across 1 AU, ample to produce variations in intensity by the
scattering mechanism proposed here. Thus, even if discrete, dense cloudlets exist, the
scattering mechanism proposed here should still play a role.
3.4. Observational Test
Small-scale structure of HI absorption due to scintillation will vary more rapidly than
structure due to absorbing cloudlets. Intensity variations from scintillation vary on the
scintillation timescale tISS =
√
4 ln 2λ/(θHV⊥). The timescale for variations from absorbing,
intervening cloudlets can be no shorter than the time required for the scattering disk to
move by its own width, tr = θH(d/2)/V⊥, sometimes called the “refractive timescale”. In
strong scattering, tr is much longer than tISS. Indeed, tISS/tr ≈ ∆ν/ν. With ∆ν/ν ≈ 0.2
to 0.01, as shown in Table 1 most pulsars studied for small-scale variations of HI absorption
are in strong scattering. Exceptions are pulsars B0950+08, which is in weak scattering and
shows no absorption, and B1557−57, which is far into strong scattering, as discussed above.
For the other pulsars, observations of changes in absorption spectra on timescales tISS
would greatly strengthen the argument that scintillation, rather than absorbing cloudlets,
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is responsible for small-scale structure of the HI absorption line.
A measurement of the average intensity of a scintillating source must be averaged
over about 50 scintillations to produce a reproducible result, largely because a few strong
scintillations dominate sums (Gwinn, Bartel, & Cordes 1993). Measurements converge
even more slowly near the transition between weak and strong scattering, because the
fractional modulation is great, up to ∆I/I ≈ √3. Because most pulsars in the sample have
scintillation timescales of a few thousand seconds, even observations of several hours can
fail to eliminate effects of scintillation by time averaging.
Pulsar 0540+23 is an exception. It has a scintillation timescale short enough that
spectra from several contiguous scintillation timescales could be observed and compared,
and much shorter than the refractive timescale. Thus the timescale of variations of HI
absorption for this object presents an important test of the origin of variations in HI
absorption.
3.5. Structure on a Range of Scales
Deshpande (2000) points out that absorbing HI is likely to be distributed on a variety
of length scales. As an extreme case, a large-scale gradient of optical depth will produce
spectral variations over any scale large enough not to be smeared by scattering. In this
case, the smallest scale showing spectral variations has nothing to do with the size of the
cloud. A medium with structure on a variety of scales is most accurately described by a
structure function, or equivalently, spatial spectrum.
If velocity gradients in HI combine with interstellar scintillation to produce small-scale
structure of the HI absorption line, the structure function of that structure will reflect
different physics at large and small scales. Effects of scintillation at the short length scale
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V⊥tISS << 1 AU and do not increase with further increases inlength scale. Absorption by
discrete clouds Will become increasingly important with increasing scale, as effects of larger
clouds become more important. Determination of the structure function, and the point at
which the underlying physics changes, will help to understand interstellar HI as well as the
origin of small-scale changes in absorption spectra.
3.6. Extended Continuum Sources and Weak Scattering
As noted above, small-scale variations of HI absorption have been observed toward
several continuum sources (Diamond et al. 1989; Davis, Diamond, & Goss 1996; Faison et
al. 1998; Dhawan, Goss, & Rodriguez 2000; Faison & Goss 2001). Such sources do not
scintillate, because they are large enough to quench scintillation. More precisely, the source
is large enough that different parts scintillate independently and cancel out.
I suggest scintillation could nevertheless explain the observed variations. Many of the
sources may be in weak scintillation, where the maximum source size for scintillation is
relatively large, and scintillation is quenched only slowly as source size increases. Moreover,
the size relevant as a constraint, for resolved sources in weak scattering, is the resolution of
the instrument rather than the size of the source. Analogously, stars twinkle, but planets
do not; but a single point on a planet’s surface does twinkle. Thus, a single point on an
extended radio source will show variations in HI absorption, if scattering by electron-density
fluctuations and a gradient of Doppler velocity of HI are present.
Refractive scattering can also produce variations in surface brightness of extended
sources (Narayan & Goodman 1989; Goodman & Narayan 1989; Mutel & Lestrade
1990). This refractive “mottling” of the source is not quenched by finite source size.
Velocity gradients will not affect refractive scattering, unless they are very large; however,
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higher-order polynomial variations can affect it. Although the extension of the formalism
of this paper to extended sources is straightforward in principle, description of weak and
refractive scintillation requires a more complicated formalism, and I defer it to a subsequent
paper.
4. SUMMARY
I have presented a simple model for the effects of absorption by HI with a spatially-
varying opacity δτ on a scintillating pulsar. The scintillation state is different on and off
the line: both scintillate, but not synchronously. The bandwidth of scintillation of the
continuum is set by the phase differences among different paths, and is much broader than
the line; the bandwidth of scintillation on the line is set by variations in opacity, and is
typically of order the thermal linewidth.
Gradients in Doppler velocity of the absorbing HI can produce relative scintillations of
line and continuum. Gradients of order 0.05 to 0.3 times the thermal velocity, across 1 AU
produce effects effects comparable to the observed small-scale variations of HI absorption
spectra. Such gradients are comparable to those inferred from observations. If discrete
absorbing cloudlets produced the variation, they would result in comparable or larger
gradients. The timescale of scintillation, on and off the line, is equal to the scintillation
timescale, and can be much shorter than the minimum time for variations in intensity from
absorbing cloudlets. This difference in timescales, and difference in structure functions,
present possible observational tests of the scintillation model presented here.
I thank A. Deshpande and J. Heyl for useful discussions, and J. Weisberg for a copy of
his thesis. The U.S. National Science Foundation provided financial support.
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A. QUOTIENT OF ELEMENTS DRAWN FROM UNCORRELATED
GAUSSIAN DISTRIBUTIONS
Consider the distribution of f = u/x, where u and x are complex variables drawn from
uncorrelated complex Gaussian distributions:
P (x) =
1
2piσ2x
e−
1
2
|x|2/σ2x (A1)
P (u) =
1
2piσ2u
e−
1
2
|u|2/σ2u .
In this case, the distribution of f is:
P (f) =
∫
du
∫
dxP (u)P (x) δ( u/x− f), (A2)
where δ is the Dirac delta-function. I define
Ru = Re[u], Iu = Im[u], (A3)
Rx = Re[x], Ix = Im[x],
Rf = Re[f ], If = Im[f ].
Now one finds:
P (f) =
1
4pi2σ2uσ
2
x
∫
du
∫
dx e
−
1
2
|u|2
σ2u e
−
1
2
|x|2
σ2x δ(Re[u/x]−Rf )δ(Im[u/x]− If) (A4)
=
1
4pi2σ2uσ
2
x
∫
du
∫
dxe
−
1
2
|x|2
σ2x e
−
1
2
|u|2
σ2u δ
(
RuRx − IuIx
R2x + I
2
x
− Rf
)
δ
(
IuRx − RuIx
R2x + I
2
x
− If
)
.
Note that:
|u|2 = |f |2|x|2 (A5)
and
|x|2 = R2x + I2x. (A6)
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Using the rule δ(x) = |a|δ(ax), one can then transform the δ-functions, and the argument
of the exponential in |u|2, to find:
P (f) =
1
4pi2σ2uσ
2
x
∫
du
∫
dx e
−
1
2
( 1
σ2x
+
|f |2
σ2u
)|x|2 |x|2
Ix
δ
(
Iu − Rf |x|
2
Ix
+
RxRu
Ix
)
Ixδ(Ru−RfRx+IfIx),
(A7)
where I have used the transformed first δ-function to transform the second. The integrations
over u and the complex phase of x are now trivial, and the distribution is:
P (f) =
1
2piσ2uσ
2
x
∫ ∞
0
dX X3 exp
{
−1
2
(
1
σ2x
+
|f |2
σ2u
)
X2
}
, (A8)
where X = |x|. This can be evaluated to find
P (f) =
σ2xσ
2
u
pi(σ2u + |f |2σ2x)2
. (A9)
Note that the distribution function is normalized to unit volume over the complex plane,
and that it is independent of the complex phase of f . This is a consequence of the fact that
u and x are uncorrelated.
We can find the distribution of Rf = Re[f ] by integrating P (f) over Im[f ]. We find:
P (Rf) =
σxσ
2
u
2(σ2u +R
2
fσ
2
x)
3/2
. (A10)
This distribution is normalized to unit area, over the real axis. It is symmetric about 0 and
all odd moments of P (Rf) vanish. The mean of the absolute value of Rf is 〈|Rf |〉 = 1.
However, 〈R2f 〉 and higher moments do not converge. Thus, one cannot speak of a mean
squared value of Rf , and one cannot use this traditional measure to characterize the
distribution. However, one can describe alternative measures. For example, a fraction P0 of
the full distribution will lie between the values −f0 and +f0 when:
f0 =
σuP0
σx
√
1− P 20
. (A11)
Thus, 50% of time time the real part of the quotient Rf will lie at less than f50 = 1/
√
3σu/σx,
75% of the time Rf will lie at less than f75 =
√
9/7σu/σx ≈ 1.1 σu/σx, and 95% of the time
Rf will lie below f95 =
√
391/39σu/σx ≈ 3 σu/σx.
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Table 1. Scattering Properties of Pulsars
Decorrelation Scintillation
Pulsar Bandwidtha Timescaleb References
∆ν tISS
(MHz) (sec)
B0540+23 0.2 to 0.5 58 1,2
B0823+26 160 to 180 550 to 940 2,3
B0950+08 weak weak 4
B1133+16 280 to 900 390 to 800 2,3
B1557−50 0.00016 5
B1737+13 5 to 8 1
B1821+05 3.7 to 4.6 1500 1,2
B1929+10 770 to 648 1500 to 1900 2,3
B2016+28 30 to 130 4400 to 2500 2,3
aScaled to frequency ν = 1420 MHz via ∆ν ∝ ν4.4.
Ranges indicate range of observed values.
bScaled to frequency ν = 1420 MHz via tISS ∝ ν1.2.
Ranges indicate range of observed values.
References. — (1) Cordes, Weisberg & Boriakoff (1985);
(2) Gupta (1995); (3) Bhat et al. (1999); (4) Phillips &
Clegg (1992); (5) Rickett (1977).
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Table 2. Reported Variations of HI Absorption
Time Normalized Fractional
Pulsar Epochs Span Absorption Intensity Changea References
(Ic − IHI)/Ic ∆IHI/Ic
(yr)
B0540+23 3 1.7 0.90 0.06, 0.08, 0.05 1
B0823+26 3 1.7 0.75 0.025, 0.045, 0.045 1
B0950+08 3 1.7 0 0 1
B1133+16 3 1.7 0.75 0.013, 0.043, 0.022 1
B1557−50 2 4 0.70 0.5 2
B1737+13 3 1.7 0.27 0.09, 0.06, 0.06 1
B1821+05 2 1 0.68 0.52 3,4
B1929+10 3 1.7 0.88 0.02, 0.009, 0.015 1
B2016+28 4 4.8 0.21 0.08, 0.03, 0.05 1
aMultiple entries reflect multiple epochs.
References. — (1) Frail et al. (1994); (2) Deshpande et al. (1992); (3) Clifton
et al. (1988); (4) Frail et al. (1991).
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Table 3. Inferred Velocity Gradient and Scale
Angular Length Velocity
Pulsar Distance Broadeninga Scale Gradient
d θH L = θHd/2 ∆V/(CL)
(kpc) (mas) (AU) (km s−1 AU−1)
B0540+23 3.54 3 to 5 5 to 9 0.015 to 0.04
B0823+26 0.38 0.5 0.3 to 0.15 to 0.3
B1133+16 0.27 0.2 to 0.4 0.12 to 0.2 0.10 to 0.6
B1557−50b 6.30 121 303 0.003
B1737+13 4.77 0.6 to 0.8 1.3 to 1.7 0.04 to 0.08
B1821+05c 3.0 1.0 to 1.2 1.8 to 2.0 0.4
B1929+10 0.17 0.3 to 0.4 0.14 to 0.15 0.14 to 0.3
B2016+28 1.10 0.3 to 0.7 0.3 to 0.7 0.05 to 0.3
aEstimated from decorrelation bandwidth and distance as θH =√
16pi ln 2c/∆ν d (Gwinn, Bartel, & Cordes 1993).
bLong period between observations; variations may reflect changes
in τ0.
cLarge ∆I/Ic is responsible for large gradient.
Note. — Parameter ranges indicate the observed ranges of ∆ν and
∆IHI/Ic in Table 1, and should be taken to represent the range in
which the derived parameter is likely to lie, rather than an observa-
tional uncertainty, or the true range of variation of the parameter.
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Fig. 1.— Schematic view of scattering of pulsar radiation by fluctuations in the free-electron
density of the interstellar plasma, followed by absorption by HI with a transverse gradient
of Doppler velocity.
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Fig. 2.— Simulation of small-scale variation in HI absorption via gradients in Doppler
velocity. Left: Simulated dynamic spectrum, with HI line at center of band. Right: Upper
panel shows average intensity spectrum. Lower panels show observed spectra at different
times, as indicated by dotted lines on right plot. A slope has been removed from each
spectrum. Model parameters are average opacity τ0 = 0.1, velocity gradients ∆V = 0.8C
across θHd/2 with opacity σδτ = 0.1, and total linewidth of 3 times thermal linewidth.
